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Edge-Maximal Graphs on Surfaces
Colin McDiarmid † David R. Wood ‡
Abstract. We prove that for every surface Σ of Euler genus g, every edge-maximal embedding
of a graph in Σ is at most O(g) edges short of a triangulation of Σ. This provides the first
answer to an open problem of Kainen (1974).
1 Introduction
For a graph class G, a graph G ∈ G is edge-maximal if adding any non-edge to G produces
a graph not in G. We emphasise that “graph” here means a simple graph with no parallel
edges and no loops. A graph class G is pure if |E(G)| = |E(H)| for all edge-maximal graphs
G,H ∈ G with |V (G)| = |V (H)|. For example, each of the following graph classes is pure:
Figure 1: An embedding of K8−E(C5)
in the torus. Every such embedding
has one 4-face, which induces K4, so
no non-edge can be added.
forests, outerplanar graphs, planar graphs; and for
each positive integer k, the k-degenerate graphs,
the graphs of treewidth at most k, and the chordal
graphs with clique number at most k + 1 (where
the last two classes have the same edge-maximal
members, the k-trees). On the other hand, toroidal
graphs are not pure: Harary et al. [2] proved that
K8−E(C5) is an edge-maximal toroidal graph but
is not a toroidal triangulation (see Figure 1).
Motivated by this example, Kainen [4] posed the
following open problem: by how many edges can an
edge-maximal graph embeddable in a given surface
fail to be a triangulation? This paper addresses
this natural question, which surprisingly has been
ignored in the literature. We prove that for every
surface Σ of Euler genus g, every edge-maximal
graph embeddable in Σ is O(g) edges short of a tri-
angulation (regardless of the number of vertices).
We formulate this result as follows. A graph class G is k-impure if ||E(G)|−|E(H)|| 6 k for all
edge-maximal graphs G,H ∈ G with |V (G)| = |V (H)|. For h > 0, let Sh be the sphere with
h handles. For c > 0, let Nc be the sphere with c cross-caps. Every surface is homeomorphic
to Sh or Nc. The Euler genus of Sh is 2h. The Euler genus of Nc is c. The Euler genus of a
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graph G is the minimum Euler genus of a surface in which G embeds. See [8] for definitions
and background about graphs embedded in surfaces. The following is our main theorem; see
Theorems 13 and 14 for fuller forms of this result.
Theorem 1. The class of graphs embeddable in a surface Σ of Euler genus g is O(g)-impure.
To add some perspective to this result, note that several interesting graph classes are not at
all pure. Consider, for example, the K5-minor-free graphs. The 8-vertex Mobius ladder is
K5-minor-free with 12 edges. Pasting copies of this graph on edges produces a K5-minor-free
graph with n ≡ 2 (mod 6) vertices and (11n − 16)/6 edges. It is edge-maximal with no K5-
minor by Wagner’s characterisation [15]. On the other hand, every n-vertex edge-maximal
planar graph is edge-maximal with no K5-minor, yet has 3(n− 2) edges. Thus the difference
between the number of edges in these two classes of edge-maximal K5-minor-free graphs grows
with n, and indeed is Ω(n). In general, Kt-minor-free graphs can have as many as ct
√
log t n
edges [5, 13, 14], but there are edge-maximal Kt-minor-free graphs, namely (t−2)-trees, with
only (t− 2)n− (t−12 ) edges (for n > t− 1).
Let GH denote the class of graphs not containing H as a minor. McDiarmid and Przykucki [6]
proved that (ignoring K1) the only connected graphs H such that GH is pure are K2, K3, K4
and P3 (the 3-vertex path). Furthermore, for each connected graph H, either GH is k-impure
for some k, or there are n-vertex graphs Gn and G
′
n in GH such that |E(Gn)| − |E(G′n)| is
Ω(n).
2 Main Proof
An embedding of a graph G in a surface is edge-maximal if for every non-edge e of G, it is not
possible to add e to the embedding (without changing the embedding of G). Observe that an
embedding of a graph G in a surface is edge-maximal if and only if for each face F , the set of
vertices on F induce a clique in G. Also note that a graph G is edge-maximal embeddable in
a surface Σ if and only if every embedding of G in Σ is edge-maximal. We mentioned above
that Theorems 13 and 14 give fuller forms of Theorem 1; in fact, they concern edge-maximal
embeddings (as well as giving explicit constants). The distinction between edge-maximal
embeddings and edge-maximal graphs is exemplified by the following fact. An embedding is
2-cell (or cellular) if each face is homeomorphic to an open disc.
Proposition 2. For each surface Σ, there are infinitely many planar graphs, each with an
edge-maximal 2-cell embedding in Σ.
Proof. First suppose that Σ = Ng. Let G0 be a triangulation of the sphere with at least g faces.
Say F1, . . . , Fg are distinct faces of G0. Note that K4 has a 2-cell embedding in the projective
plane with two triangular faces and one face of length 6 (see Figure 2). Let Q1, . . . , Qg
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Figure 2: Embeddings of K4 in N1 and S1.
be g copies of this embedding of K4. For
i ∈ [1, g], identify Fi with a triangular face
of Qi. We obtain a graph G embedded in Ng,
in which each face induces a clique. Thus this
embedding of G is edge-maximal. Note that G
is a planar triangulation, since it is obtained
from G0 by simply adding a degree-3 vertex
inside g faces of G0. An analogous proof works
for Σ = Sh since K4 has a 2-cell embedding
in the torus with one triangular face and one
face of length 9 (see Figure 2).
A pseudograph is a graph possibly with parallel edges and loops. A (pseudograph) triangulation
is a 2-cell embedded (pseudo)graph in which each face has length exactly 3. Euler’s formula
implies that every pseudograph with n > 3 vertices that embeds in a surface of Euler genus g
such that each face has length at least 3 has at most 3(n+ g − 2) edges, with equality if and
only if the embedding is a pseudograph triangulation. Of course, every face in an embedding
of a graph has length at least 3. Thus every graph with n > 3 vertices that embeds in a surface
of Euler genus g has at most 3(n+ g− 2) edges, with equality if and only if the embedding is
a triangulation. Also note that Euler’s formula implies that every bipartite graph with n > 3
vertices that embeds in a surface of Euler genus g has at most 2(n+ g − 2) edges.
Given an embedding of an n-vertex graph in a surface Σ of Euler genus g (where n+ g > 3),
we may add edges (if necessary) to obtain a pseudograph triangulation with exactly 3(n +
g − 2) edges. When we say that an edge-maximal embedding in Σ or an edge-maximal
graph embeddable in Σ is “k edges short of a triangulation” we mean that it has exactly
3(n+ g − 2)− k edges.
We need the following lemmas about edge-maximal embeddings. The first says that we may
restrict our attention to 2-cell embeddings.
Lemma 3. Let c > 3, and assume that for every surface Σ of Euler genus g, every edge-
maximal 2-cell embedding in Σ is at most cg edges short of a triangulation of Σ. Then for
every surface Σ of Euler genus g, every edge-maximal embedding in Σ is at most cg edges
short of a triangulation of Σ.
Proof. Consider an edge-maximal embedding of a graph G in some surface Σ of Euler genus
g. This embedding defines a combinatorial embedding of G, which corresponds to a 2-cell
embedding in some surface Σ′ of Euler genus g′ 6 g. If a non-edge of G can be added to this
embedding in Σ′, then the same non-edge can be added to the original embedding in Σ. Since
the embedding in Σ is edge-maximal, so too is the embedding in Σ′. By assumption, G is at
most cg′ edges short of a triangulation in Σ′. That is, |E(G)| > 3(|V (G)| + g′ − 2) − cg′ =
3(|V (G)| − 2)− (c− 3)g′ > 3(|V (G)| − 2)− (c− 3)g = 3(|V (G)|+ g − 2)− cg. That is, G is
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at most cg edges short of a triangulation in Σ.
Lemma 4. Every graph G with n > 4 vertices that has an edge-maximal 2-cell embedding in
some surface is 3-connected.
Proof. G is connected since the embedding is edge-maximal and Euler genus is additive on
components and blocks [8]. If G contains a vertex v of degree 1 and vw is the edge incident
to v, then w has a distinct neighbour, so the facial walk starting with vw is followed by wx
for some x 6∈ {v, w}, and the edge vx can be added to G, contradicting the edge-maximality
of the embedding of G. Thus G has minimum degree at least 2. Let piv denote the cyclic
ordering of edges incident to each vertex v in an embedding of G in Σ.
Suppose G contains a vertex v of degree 2. Let u and w be the neighbours of v. We may
assume that the edges uv and vw have signature +1. For clarity, observe that the edge uw
must be in G, with signature +1, since if not we could add it. Since G is connected and n > 4,
at least one of u and w, say w, has a neighbour not in {u, v, w}. Consider the cyclic order
piw: if wu follows wv then let wx be the edge preceding wv, else let wx be the edge following
wv. Note that x is not in {u, v, w}. We can add the edge vx, with signature +1, as follows.
Insert vx in piv after vw and insert xv in pix before xw. The original facial walk W starting
xwvu . . . is replaced by two facial walks W1 = xwvx and W2 = xvu . . . where W2 is obtained
from W by replacing the two-edge path xwv by the single edge xv. By maximality, G has
minimum degree at least 3.
Now we prove that for each vertex v the subgraph induced on N(v) has a Hamilton cycle (G
is “locally Hamiltonian”). Without loss of generality, the edges incident to v have signature
+1. Let (vv1, vv2, . . . , vvd) be the cyclic ordering of the edges incident to v, where d > 3. We
claim that v1v2 . . . vd is a cycle. For suppose that say v1 and v2 are not adjacent. If F is the
face with facial walk starting (v1v, vv2, . . .), then we can add the edge v1v2 across F , which is
a contradiction. Thus G is locally Hamiltonian.
Finally, any connected locally Hamiltonian graph is 3-connected. Clearly G cannot have a
separating vertex. Suppose G has a separating pair of vertices u, v. Thus V (G) \ {u, v} can
be partitioned into two non-empty parts U and W such that there are no U–W edges. Then
v must have a neighbour a ∈ U and b ∈W (otherwise u is a separating vertex) and there are
two internally disjoint ab-paths in G− v (around a Hamilton cycle in N(v)). But both paths
must go through u, a contradiction. Hence G is 3-connected.
Lemma 5. Let G be a graph with at least four vertices that has an edge-maximal 2-cell
embedding in a surface. Then every non-triangular face contains four distinct vertices that are
consecutive on the facial walk. Furthermore, for each string of six vertices that are consecutive
on the facial walk, at least one of the three substrings of length 4 consists of distinct vertices.
Proof. If a, b, c are consecutive vertices on a face F , then a, b, c are distinct, as otherwise
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deg(b) = 1, which would contradict Lemma 4. Thus, if F has length 4 or 5 then all the
vertices on F are distinct, and we are done. Now assume that F has length at least 6. Let
v1, . . . , v6 be consecutive vertices on F . If v1 = v4 and v2 = v5 and v3 = v6, then the sequence
is v1, v2, v3, v1, v2, v3, and the graph is K3 (embedded in a non-orientable surface). Without
loss of generality, v1 6= v4, implying v1, v2, v3, v4 are distinct.
We noted earlier that Euler genus is additive on components and blocks. The main tool used
in our proof is the following more general additivity theorem, proved independently by several
authors.
Theorem 6 ([1, 7, 10]). If graphs G1 and G2 have at most two vertices in common, then the
Euler genus of G1 ∪G2 is at least the Euler genus of G1 plus the Euler genus of G2.
Say a sequence v1, . . . , vs of vertices in a graph G is ordered if for each i ∈ [1, s],∣∣∣∣∣N [vi] ∩
(
i−1⋃
j=1
N [vj ]
)∣∣∣∣∣ 6 2.
Here N [vi] is the closed neighbourhood N(vi)∪ {vi}. Theorem 6 implies the following result.
Corollary 7 ([3, 9]). If v1, . . . , vs is an ordered sequence of vertices in a graph G, and each
N [vi] is a clique on at least five vertices, then the Euler genus of G is at least s.
We prove in (2) that given integers g > 0 and s > 1, there is an integer b such that for every
bipartite graph G with Euler genus at most g, if (A,B) is a bipartition of G such that |B| > b
and every vertex in B has degree at most 4, then B contains an ordered sequence of s vertices.
Let fg(s) be the least such integer b.
We now give some illustrative examples. Since one vertex forms an ordered sequence, fg(1) = 0
for each g > 0. The planar bipartite graph Q shown in Figure 3 has a colour class B with
three vertices, each pair of which has three common neighbours. Thus B contains no ordered
sequence of length 2. Thus f0(2) > 3. It is easily seen that f0(2) 6 3 (using a straightforward
Figure 3: The graph Q.
adaptation of the proof of Lemma 11 below). Thus f0(2) = 3.
Now consider general g > 0. Ringel [11, 12] proved that the
Euler genus of K3,2g+2 equals g. If B is the colour class of
degree-3 vertices in K3,2g+2, then every pair of vertices in B
have three common neighbours. Thus B contains no ordered
sequence of length 2, and fg(2) > 2g + 2. Lemma 11 below
proves this inequality is tight for g > 1. These constructions
can be combined as follows. Fix g > 0 and s > 2. Let G be the
graph obtained from K3,2g+2 by adding s−2 disjoint copies of
Q. Then G has Euler genus g, and G has a bipartition (A,B)
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where |B| = 2g + 2 + 3(s− 2) and every ordered sequence in B has at most one vertex from
each of the s− 1 components of G. Thus B contains no ordered sequence of length s, and
fg(s) > 2g + 3s− 4. (1)
The next lemma motivates the definition of fg(s).
Lemma 8. Every edge-maximal embedding of a graph G in a surface Σ of Euler genus g > 1
is at most 5fg(g + 1)− 1 edges short of a triangulation of Σ.
Proof. Note that fg(g+ 1) > 5g− 1 by (1), which implies that 5fg(g+ 1)− 1 > 3g. Thus, we
may assume this embedding is 2-cell by Lemma 3. Let n := |V (G)|. If n 6 7g then the number
of edges in a triangulation, 3(n+ g − 2), is at most 24g − 6 < 5(5g − 1)− 1 6 5fg(g + 1)− 1
by (1), and the result holds. Now assume that n > 7g + 1 > 8.
By Lemma 4, G has minimum degree at least 3. We may assume the embedding of G is not
a triangulation. Let G′ be the embedded pseudograph obtained from G as follows. Consider
a face F in G with length t > 4. We shall add edges to G across F so that each of the
resulting faces in G′ contains at least four distinct vertices. By Lemma 5, F contains four
distinct consecutive vertices. Let (v0, v1, v2, . . . , vt−1) be a facial walk of F , where v0, v1, v2, v3
are distinct. Add the edge v0vi to G whenever i ≡ 3 (mod 5) and 3 6 i 6 t− 5; this divides
F into b t+25 c faces in G′ each containing at least four distinct vertices (since v0, v1, v2, v3 are
distinct, and every other face contains six consecutive vertices in F , and thus, by Lemma 5,
has at least four distinct vertices).
For each non-triangular face F of G′, add a vertex inside F adjacent to four distinct vertices
of F . Let B be the set of these added vertices, and let G′′ be the resulting embedded graph.
Since the embedding of G is edge-maximal, each face of G induces a clique. Thus NG′′ [v]
induces K5 for each v ∈ B.
Consider a non-triangular face F of length t in G. Then B contains exactly b t+25 c vertices
corresponding to F . Note that t − 3 6 5b t+25 c − 1 edges are sufficient (and necessary) to
triangulate F . Thus the embedding of G can be extended to a triangulation by adding at
most 5|B| − 1 edges.
Let G′′′ be the induced bipartite subgraph of G′′ with bipartition {B,∪v∈BNG′′(v)}. By
construction, G′′′ embeds in Σ and every vertex in B has degree 4.
Suppose for a contradiction that |B| > fg(g + 1). Thus B contains an ordered sequence
v1, . . . , vg+1 in G
′′. Since NG′′ [vi] induces K5, by Corollary 7, the Euler genus of G′′ is at least
g+ 1, which is a contradiction. Thus |B| 6 fg(g+ 1). Hence G is at most 5fg(g+ 1)−1 edges
short of a triangulation.
It remains to show how to find ordered sequences. The next lemma is useful.
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Lemma 9. Fix an integer c > 7. Let G be a bipartite graph with bipartition A,B and with
Euler genus at most g. If B is non-empty and |B| > 2cc−6(g − 2), then some vertex in B has
at most two neighbours with degree at least c.
Proof. Let A′ be the set of vertices in A with degree at least c. Suppose for a contradiction
that every vertex in B has at least three neighbours in A′. Double-counting the edges with
endpoints in A′ and B gives c|A′| 6 2(|A′|+|B|+g−2) and 3|B| 6 2(|A′|+|B|+g−2). Adding
2 times the first inequality plus c−2 times the second inequality gives |B| 6 2cc−6(g−2), which
is the desired contradiction.
We have the following recursive upper bound for fg(s).
Lemma 10. For integers g > 1 and s > 2 and c > 7,
fg(s) 6 max
{
2c
c− 6(g − 2), 2c− 3 + fg(s− 1)
}
.
Proof. Let G be a bipartite graph with Euler genus at most g, where (A,B) is a bipartition
of G such that |B| > max{ 2cc−6(g − 2), 2c − 3 + fg(s − 1)} and every vertex in B has degree
at most 4. Our goal is to show that B contains an ordered sequence of s vertices. Since
B is non-empty and |B| > 2cc−6(g − 2), by Lemma 9, some vertex vs in B has at most two
neighbours with degree at least c. If deg(vs) 6 2 then let X := ∅. Otherwise, let X be the set
of neighbours of vs other than two of highest degree. Thus |X| 6 2 and each vertex u ∈ X
has degree at most c − 1. Let G′ be obtained from G by deleting N [u] for each u ∈ X. Let
A′, B′ be the bipartition of G′ inherited from G. Note that
|B′| > |B| − (2c− 3) > max
{
2c
c−6(g − 2), 2c− 3 + fg(s− 1)
}
− (2c− 3) > fg(s− 1).
Thus B′ contains an ordered sequence v1, . . . , vs−1 in G′. By construction, vs has at most two
neighbours in G′. Thus v1, . . . , vs is an ordered sequence in G.
Since fg(1) = 0, Lemma 10 implies that for all integers c > 7 and s > 1,
fg(s) 6 (2c− 3)(s− 2) + max
{
2c
c−6(g − 2), 2c− 3
}
. (2)
With any choice of c > 7, this implies that fg(g+1) is O(g). Lemma 8 then implies that every
edge-maximal embedding in a surface Σ of Euler genus g is O(g) edges short of a triangulation
of Σ. Therefore the graphs embeddable in Σ are O(g)-impure, which is the main result of this
paper (Theorem 1). For example, with c = 8 and g > 4,
fg(g + 1) 6 13(g − 1) + max
{
8(g − 2), 13} = 21g − 29,
and by Lemma 8 every edge-maximal graph embeddable in a surface of Euler genus g > 4 is
at most 105g − 146 edges short of a triangulation.
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3 Improving the Constants
To improve the constant in our main result, we first give a precise result for ordered sequences
of length 2, improving on the bound in (2) with s = 2.
Lemma 11. fg(2) = 2g + 2 for g > 1.
Proof. We proved above that K3,2g+2 shows that fg(2) > 2g+ 2 for g > 1. We now prove the
corresponding upper bound.
Let G be a bipartite graph G with Euler genus at most g. Assume that (A,B) is a bipartition
of G such that every vertex in B has degree at most 4 and |B| > 2g + 3. We claim that B
contains an ordered sequence of two vertices. That is, B contains two vertices with at most
two common neighbours. Suppose for a contradiction that each pair of vertices in B has at
least three common neighbours.
By adding degree-1 vertices in A, we may assume that every vertex in B has degree exactly
4. Without loss of generality, A =
⋃
b∈B N(b). We have 4|B| 6 |E(G)| 6 2(|A|+ |B|+ g − 2)
implying |B| 6 |A|+ g − 2 and |A| > (2g + 3)− (g − 2) = g + 5 > 6.
Let a, b ∈ B have N(a) 6= N(b). Let X = N(a) ∩N(b) and Y = N(a) ∪N(b). Then |X| = 3
and |Y | = 5. Let N(a) = X ∪ {a′} and N(b) = X ∪ {b′}. Since |A| > 6 there is a vertex
c ∈ B with N(c) not contained in Y . If a′ ∈ N(c) then |N(c) ∩ N(b)| 6 2, so a′ 6∈ N(c);
and similarly b′ 6∈ N(c). Hence N(c) ∩ Y = X, so we may write N(c) = X ∪ {c′}. Note that
a′, b′, c′ are distinct and not in X, so we have symmetry between (a, a′), (b, b′) and (c, c′).
Now consider any v ∈ B. N(v) cannot contain {a′, b′, c′} (since then for example |N(v) ∩
N(a)| 6 2); so assume without loss of generality that c′ 6∈ N(v). But then we must have
N(v) ∩ N(c) = X, and so N(v) contains X. We have shown that N(v) contains X for
each v ∈ B. But now the induced bipartite graph with parts X and B is complete. Hence
3|B| ≤ 2(3 + |B|+ g − 2), implying |B| ≤ 2g + 2 < 2g + 3. This contradiction completes the
proof.
Lemma 10 and Lemma 11 imply that for g > 1 and s > 2,
fg(s) 6
2g + 2 if s = 2,min{max{ 2cscs−6(g − 2), 2cs − 3 + fg(s− 1)} : cs > 7} if s > 3. (3)
For non-orientable surfaces, Table 1 shows the optimal choice of c3, . . . , cg+1 in (3) for each
value of g 6 20, along with the corresponding lower bound on the number of edges in an
edge-maximal graph.
The next lemma show a method for choosing the constants cs in (3). All logarithms are
natural.
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Table 1: Number of edges in an edge-maximal graph embeddable in a non-orientable surface.
g surface c3, . . . , cg+1 impurity 6 |E(G)| >
1 N1 19 3n− 22
2 N2 7 84 3n− 84
3 N3 7, 7 149 3n− 146
4 N4 8, 7, 7 224 3n− 218
5 N5 8, 8, 7, 7 299 3n− 290
6 N6 9, 8, 8, 7, 7 384 3n− 372
7 N7 9, 8, 8, 7, 7, 7 459 3n− 444
8 N8 10, 8, 8, 8, 7, 7, 7 534 3n− 516
9 N9 10, 9, 8, 8, 8, 7, 7, 7 619 3n− 598
10 N10 10, 9, 8, 8, 8, 8, 7, 7, 7 699 3n− 675
11 N11 11, 9, 8, 8, 8, 8, 8, 7, 7, 7 784 3n− 757
12 N12 11, 9, 9, 8, 8, 8, 8, 7, 7, 7, 7 864 3n− 834
13 N13 11, 10, 9, 8, 8, 8, 8, 8, 7, 7, 7, 7 944 3n− 911
14 N14 12, 10, 9, 8, 8, 8, 8, 8, 8, 7, 7, 7, 7 1024 3n− 988
15 N15 12, 10, 9, 9, 8, 8, 8, 8, 8, 8, 7, 7, 7, 7 1109 3n− 1070
16 N16 12, 10, 9, 9, 8, 8, 8, 8, 8, 8, 8, 7, 7, 7, 7 1189 3n− 1147
17 N17 13, 10, 9, 9, 8, 8, 8, 8, 8, 8, 8, 7, 7, 7, 7, 7 1269 3n− 1224
18 N18 13, 10, 9, 9, 9, 8, 8, 8, 8, 8, 8, 8, 7, 7, 7, 7, 7 1359 3n− 1311
19 N19 13, 11, 10, 9, 9, 8, 8, 8, 8, 8, 8, 8, 8, 7, 7, 7, 7, 7 1439 3n− 1388
20 N20 13, 11, 10, 9, 9, 8, 8, 8, 8, 8, 8, 8, 8, 8, 7, 7, 7, 7, 7 1519 3n− 1465
Lemma 12. Let λ = 25 − 11 ( 48332114345 + 1633 log 2) ≈ 16.6533 . . . to four decimal places. Then
for g > 2,
fg(g + 1) 6 λ(g − 2) + 2
⌈√
3
2(g − 2)
⌉
+ 33
Proof. For i > 7, let
αi :=
∞∑
j=i+1
12
(j − 7)(j − 6)(2j − 3) .
Then
0.758757 . . . = α7 > α8 > α9 > . . . .
These numbers αi are used below to calculate the values cs in (3). For example, α7 ≈ 0.76
means that cs = 7 roughly for 0.76g 6 s 6 g, and α8 ≈ 0.30 means that cs = 8 roughly for
0.30g 6 s 6 0.76g. This behaviour is evident in the lower rows of Table 1. The definition of
αi is designed to minimise the “max” operation in (3).
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We now upper bound αk. Since (j − 6)(2j − 3) > 2(j − 7)2 for j > 7,
αk =
∞∑
j=k+1
12
(j − 7)(j − 6)(2j − 3) 6
∞∑
j=k+1
6
(j − 7)3 6
∫ ∞
k+1
6
(j − 8)3dj =
3
(k − 7)2 .
With k :=
⌈√
3
2(g − 2)
⌉
+ 7 we have (k − 7)2 > 32(g − 2) and αk(g − 2) 6 3(k−7)2 (g − 2) 6 2.
Let k be the minimum integer such that αk(g − 2) 6 2. Thus k 6
⌈√
3
2(g − 2)
⌉
+ 7. For
i ∈ [7, k], define
βi := dαi(g − 2)e and γi := βi − αi(g − 2).
We claim that βk = 2. If not, then αk(g − 2) 6 1 implying
12
(k − 7)(k − 6)(2k − 3) = αk−1(g − 2)− αk(g − 2) > 2− 1 = 1,
which has no solution. Thus βk = 2. Define β2g+2 := 1.
For i ∈ [7, 2g + 2], define
Li :=
{
(βi + 1, βi + 2, . . . , βi−1) if i ∈ [8, 2g + 2]
(β7 + 1, β7 + 2, . . . , g + 1) if i = 7.
Then L2g+2, . . . , L7 is a partition of [2, g + 1]. Define `i := |Li|. Then for i ∈ [8, 2g + 2],
`i = (αi−1 − αi)(g − 2) + (γi−1 − γi) = 12(g − 2)
(i− 7)(i− 6)(2i− 3) + (γi−1 − γi) (4)
and
`7 = g + 1− β7 = g + 1− α7(g − 2)− γ7 = (1− α7)(g − 2)− γ7 + 3. (5)
It may be that `i = 0 for some values of i. (For example, that there is no 12 in c3, . . . , cg+1
in the final row of Table 1 corresponds to `12 = 0.) If `i > 0 and i < 2g + 2, then let
i∗ := min{j > i : `j > 0}. Since `2g+2 > 0 this is well-defined. Note that `j = 0 for
j ∈ [i + 1, i∗ − 1] and βi∗ + `i∗ = βi. For s ∈ [2, g + 1], there is a unique integer i such that
`i > 0 and s ∈ Li, in which case define cs := i. Thus cs > 7. Note that s can be uniquely
written s = βi + z for some i ∈ [7, 2g + 2] with `i > 0 and z ∈ [1, `i]. These definitions are
summarised as follows.
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L2g+2 = (2 = β2g+2 + 1)
L2g+1 = ∅
...
Lk+1 = ∅
Lk = (3 = βk + 1, βk + 2, . . . , βk + `k = βk−1)
...
Li∗ = (βi∗ + 1, βi∗ + 2, . . . , βi∗ + `i∗ = βi)
Li∗−1 = ∅
...
Li+1 = ∅
Li = (βi + 1, βi + 2, . . . , βi + `i = βi−1)
...
L8 = (β8 + 1, β8 + 2, . . . , β8 + `8 = β7)
L7 = (β7 + 1, β7 + 2, . . . , β7 + `7 = g + 1).
Define
f ′g(s) :=
2g + 2 if s = 2,max{ 2cscs−6(g − 2), 2cs − 3 + f ′g(s− 1)} if s > 3.
It follows by induction on s that fg(s) 6 f ′g(s). Thus to prove the desired upper bound on
fg(s) it suffices to prove the same upper bound on f
′
g(s). It is helpful to note that f
′
g(s) is
calculated by a row-by-row traversal of the above table, where the row corresponding to Li
uses cs = i in the calculation of f
′
g(s). Thus for s = βi + z where z ∈ [1, `i],
f ′g(βi + z) = f
′
g(βi + 1) + (z − 1)(2i− 3). (6)
Thus our focus is on estimating f ′g(βi + 1), which equals max
{
2i
i−6(g − 2), 2i − 3 + f ′g(βi)
}
.
In Claim 1 below we show that 2ii−6(g − 2) is ‘close’ to 2i − 3 + f ′g(βi). To do so, define the
following recursive ‘error’ function. First, let E2g+2 := 0 and let Ek := 0. Then for i such
that `i > 0, let
Ei := max
0,
 i∗−1∑
j=i+1
2γj
+ (2i− 1)γi − (2i∗ − 3)γi∗ + Ei∗
 .
Claim 1. For s ∈ [2, g + 1], if s = βi + z where z ∈ [1, `i],
f ′g(βi + z) 6
2i
i− 6(g − 2) + (z − 1)(2i− 3) + Ei.
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Proof. We proceed by induction on s. First consider the base case s = 2. Then with i = 2g+2
we have s = β2g+2 + 1 =
2i
i−6(g − 2) and the claim holds with E2g+2 = 0.
Now assume that s > 3 and the claim holds for s− 1. By (6), it suffices to consider the z = 1
case, and we may assume that `i > 0. Then s− 1 = βi = βi∗ + `i∗ . By induction,
f ′g(βi∗ + `i∗) 6
2i∗
i∗ − 6(g − 2) + (`i∗ − 1)(2i
∗ − 3) + Ei∗
=
2i∗
i∗ − 6(g − 2) + `i∗(2i
∗ − 3)− (2i∗ − 3) + Ei∗
Since `j = 0 for j ∈ [i+ 1, i∗ − 1],
f ′g(βi∗ + `i∗) 6
2i∗
i∗ − 6(g − 2) +
 i∗∑
j=i+1
(2j − 3)`j
− (2i∗ − 3) + Ei∗ .
By (4) and since 2i− 3 6 2i∗ − 3,
f ′g(βi∗ + `i∗) + 2i− 3
6 2i
∗
i∗ − 6(g − 2) +
i∗∑
j=i+1
(2j − 3)
(
12(g − 2)
(j − 7)(j − 6)(2j − 3) + γj−1 − γj
)
+ Ei∗
=
2i∗
i∗ − 6(g − 2) +
 i∗∑
j=i+1
12(g − 2)
(j − 7)(j − 6)
+
 i∗∑
j=i+1
(γj−1 − γj)(2j − 3)
+ Ei∗
=
2i∗
i∗ − 6(g − 2) + (g − 2)
 i∗∑
j=i+1
2(j − 1)
(j − 1)− 6 −
2j
j − 6
+
 i∗∑
j=i+1
(γj−1 − γj)(2j − 3)
+ Ei∗
=
2i∗
i∗ − 6(g − 2) + (g − 2)
(
2i
i− 6 −
2i∗
i∗ − 6
)
+
 i∗−1∑
j=i+1
2γj
+ (2i− 1)γi − γi∗(2i∗ − 3) + Ei∗
=
2i
i− 6(g − 2) +
 i∗−1∑
j=i+1
2γj
+ (2i− 1)γi − (2i∗ − 3)γi∗ + Ei∗ .
Since cs = i and by (4),
f ′g(s) = max
{
2i
i− 6(g − 2), 2i− 3 + f
′
g(βi∗ + `i∗)
}
6 max
 2ii− 6(g − 2), 2ii− 6(g − 2) +
 i∗−1∑
j=i+1
2γj
+ (2i− 1)γi − (2i∗ − 3)γi∗ + Ei∗

=
2i
i− 6(g − 2) + max
0,
 i∗−1∑
j=i+1
2γj
+ (2i− 1)γi − (2i∗ − 3)γi∗ + Ei∗

=
2i
i− 6(g − 2) + Ei.
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This completes the proof of the claim.
We now upper bound the Ei.
Claim 2. For i ∈ [7, k] such that `i > 0, there are integers δi, . . . , δk, such that
Ei 6
k∑
j=i
δjγj ,
and if ∆i is the multiset {δj > 0 : j ∈ [i, k]}, then
∑
∆i 6 2k − 3. Moreover, if Ei > 0 then
δi = 2i− 1.
Proof. We proceed by induction on i = k, k−1, . . . , 2. In the base case i = k, we have Ek = 0
and the claim holds with δk = 0 and Xk = 0. Now assume that i ∈ [7, k − 1] with `i > 0 and
the claim holds for i∗. Thus, there are integers δi∗ , . . . , δk, such that
Ei∗ 6
k∑
j=i∗
δjγj ,
and
∑
∆i∗ 6 2k − 3. Moreover, if Ei∗ > 0 then δi∗ = 2i∗ − 1. By definition,
Ei = max
0, (2i− 1)γi +
 i∗−1∑
j=i+1
2γj
− (2i∗ − 3)γi∗ + Ei∗
 .
If Ei = 0 then the claim holds with δi, . . . , δk = 0. Now assume that Ei > 0.
First suppose that Ei∗ = 0. Then
Ei = (2i− 1)γi +
 i∗−1∑
j=i+1
2γj
− (2i∗ − 3)γi∗ .
and the claim holds with δi = 2i− 1 and δi∗ = −(2i∗ − 3) and δj = 2 for j ∈ [i+ 1, i∗ − 1], in
which case ∆i = {2i− 1, (i∗ − 1− i)× 2} and
∑
∆i = 2i
∗ − 3 6 2k − 3.
Now assume that Ei∗ > 0. Then δi∗ = 2i
∗ − 1 and
Ei 6 (2i− 1)γi +
 i∗−1∑
j=i+1
2γj
− (2i∗ − 3)γi∗ +
 k∑
j=i∗
δjγj

= (2i− 1)γi +
 i∗−1∑
j=i+1
2γj
+ ((2i∗ − 1)− (2i∗ − 3))γi∗ +
 k∑
j=i∗+1
δjγj

= (2i− 1)γi +
 i∗−1∑
j=i+1
2γj
+ 2γi∗ +
 k∑
j=i∗+1
δjγj
 .
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Let δi := 2i− 1 and δi∗ := 2 and δj := 2 for j ∈ [i+ 1, i∗ − 1], Observe that
∆i = (∆i+1 \ {2i∗ − 1}) ∪ {2i− 1, 2, (i∗ − 1− i)× 2}.
Thus
∑
∆i+1 =
∑
∆i, which is at most 2k−3 by assumption. Thus the claim is satisfied.
Claim 2 with i = 7 implies that there are integers δ7, . . . , δk, such that
E7 6
k∑
j=7
δjγj ,
and
∑
∆i 6 2k − 3. Since γj ∈ [0, 1),
E7 6
∑
∆7 6 2k − 3.
Claim 1 and Equation (5) then imply that for s = g + 1 = β7 + `7,
fg(g + 1) 6 f ′g(g + 1) 6 14(g − 2) + 11(`7 − 1) + E7
6 14(g − 2) + 11((1− α7)(g − 2)− γ7 + 3− 1) + (2k − 3)
6 14(g − 2) + 11((1− α7)(g − 2) + 2) + (2k − 3)
= (25− 11α7)(g − 2) + 2k + 19
= (25− 11( 48332114345 + 1633 log 2))(g − 2) + 2k + 19
= λ(g − 2) + 2
⌈√
3
2(g − 2)
⌉
+ 33.
This completes the proof.
Note that (1) implies that fg(g + 1) > 5g − 1. Since λ < 503 , this shows that Lemma 12 is
within a factor of 103 of optimal.
Theorem 13. For every surface Σ of Euler genus g, every edge-maximal embedding of a
graph in Σ is at most 84g edges short of a triangulation of Σ.
Proof. By Lemma 8, it suffices to show that 5fg(g+ 1)−1 6 84g. For g 6 299, this is verified
by direct calculation of the upper bound on fg(g + 1) in (3). For g > 300, by Lemma 12,
5fg(g + 1)− 1 6 5
(
16.6534(g − 2) + 2(1 +√32(g − 2))+ 33)− 1 6 84g.
Note that for each surface Σ of Euler genus g, Proposition 2 provides examples of edge-
maximal 2-cell embeddings of graphs in Σ that are 3g edges short of a triangulation of Σ.
Thus the 84 in Theorem 13 cannot be reduced to less than 3. Also note that K3, which is
edge-maximal embeddable on any surface Σ, is 3g edges short of a triangulation of Σ (since
every 3-vertex pseudograph triangulation of Σ has 3g + 3 edges).
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3.1 Orientable Surfaces
Further improvements are possible if we restrict our attention to orientable surfaces. Let G
be an edge-maximal graph embeddable in an orientable surface Σ. Recall from Lemma 5
that among six consecutive vertices on a face of G, there are at least four distinct vertices,
as otherwise a facial walk would contain abcabc, implying deg(b) = 2. When Σ is orientable,
among five consecutive vertices on a face of G, there are at least four distinct vertices, as
otherwise a facial walk would contain abcab, repeating ab. This enables us to add more edges
to G′ in the proof of Lemma 8. Consider a face F of G of length t > 4. By Lemma 5,
F contains four distinct consecutive vertices. Let (v0, v1, v2, . . . , vt−1) be a facial walk of
F , where v0, v1, v2, v3 are distinct. Add the edge v0vi to G
′ whenever i ≡ 3 (mod 4) and
3 6 i 6 t−4; this divides F into b t+14 c faces in G′ each containing four distinct vertices (since
v0, v1, v2, v3 are distinct, and every other face contains five consecutive vertices in F , and thus
has at least four distinct vertices). Define the graph G′′ and set B as above. Consider a face
F of G of length t > 4. Then B contains exactly b t+14 c vertices corresponding to F , and
t − 3 6 4b t+14 c − 1. Thus G can be triangulated by adding at most 4|B| − 1 edges. By the
same argument used in the proof of Lemma 8, G is at most 4fg(g + 1) − 1 edges short of a
triangulation. This leads to the results shown in Table 2 (by Equation (3)) and the following
theorem.
Theorem 14. For every orientable surface Σ of Euler genus g, every edge-maximal embedding
of a graph in Σ is at most 67g edges short of a triangulation of Σ.
Proof. By the above discussion it suffices to show that 4fg(g + 1) − 1 6 67g. For g 6 670,
this is verified by direct calculation of the upper bound on fg(g + 1) in (3). For g > 671, by
Lemma 12,
4fg(g + 1)− 1 6 4
(
16.6534(g − 2) + 2(1 +√32(g − 2))+ 33)− 1 6 67g.
4 Open Problems
We conclude the paper with a few open problems.
• Let c1 be the infimum of all numbers c such that every edge-maximal graph embeddable
in a surface Σ of Euler genus g is at most cg edges short of a triangulation of Σ. Let c2
be the infimum of all numbers c such that every edge-maximal embedding in a surface
Σ of Euler genus g is at most cg edges short of a triangulation of Σ. Trivially, c1 6 c2.
We have proved that 3 6 c1 6 c2 < 84. Can these inequalities be improved?
• Are projective planar graphs pure? Are there examples, other than K8−E(C5), showing
that the class of graphs embeddable in a given surface is impure?
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Table 2: Number of edges in an edge-maximal graph embeddable in an orientable surface.
g surface impurity 6 |E(G)| >
2 S1 67 3n− 67
4 S2 179 3n− 173
6 S3 307 3n− 295
8 S4 427 3n− 409
10 S5 559 3n− 535
12 S6 691 3n− 661
14 S7 819 3n− 783
16 S8 951 3n− 909
18 S9 1087 3n− 1039
20 S10 1215 3n− 1161
22 S11 1339 3n− 1279
24 S12 1483 3n− 1417
26 S13 1607 3n− 1535
28 S14 1743 3n− 1665
30 S15 1875 3n− 1791
32 S16 2007 3n− 1917
34 S17 2139 3n− 2043
36 S18 2275 3n− 2173
38 S19 2411 3n− 2303
40 S20 2539 3n− 2425
• For a surface Σ, what is the least number k such that for every edge-maximal graph G
embeddable in Σ, there is a triangulation G′ of Σ with the same vertex set as G such
that E(G) and E(G′) have symmetric difference of size at most k?
• If G is embeddable in a surface Σ, and has sufficiently many vertices but is not edge-
maximal, can one always add edges to obtain a triangulation of Σ?
Acknowledgements
This research was initiated at the 2016 Barbados Graph Theory Workshop and the 2016 Work-
shop on Probability, Combinatorics and Geometry, both held at Bellairs Research Institute
in Barbados. Thanks to the workshop organisers, and to the other participants for creating a
stimulating working environment. Thanks to Vida Dujmovic´ for helpful conversations about
this research.
16
References
[1] Dan Archdeacon. The nonorientable genus is additive. J. Graph Theory, 10(3):363–
383, 1986. doi: 10.1002/jgt.3190100313. MR: 0856122.
[2] Frank Harary, Paul C. Kainen, Allen J. Schwenk, and Arthur T. White.
A maximal toroidal graph which is not a triangulation. Math. Scand., 33:108–112, 1973.
http://www.mscand.dk/article/view/11476. MR: 0332562.
[3] Gwenae¨l Joret and David R. Wood. Irreducible triangulations are small. J. Com-
bin. Theory Ser. B, 100(5):446–455, 2010. doi: 10.1016/j.jctb.2010.01.004. MR: 2644232.
[4] Paul C. Kainen. Some recent results in topological graph theory. In Ruth A. Bari
and Frank Harary, eds., Graphs and Combinatorics (Proc. of Capital Conf. on Graph
Theory and Combinatorics), vol. 406 of Lecture Notes in Math., pp. 76–108. Springer,
1974. MR: 0366719.
[5] Alexandr V. Kostochka. Lower bound of the Hadwiger number of graphs by
their average degree. Combinatorica, 4(4):307–316, 1984. doi: 10.1007/BF02579141.
MR: 0779891.
[6] Colin McDiarmid and Micha l Przykucki. On the purity of minor-closed classes of
graphs. 2016. In preparation.
[7] Gary L. Miller. An additivity theorem for the genus of a graph. J. Combin. Theory
Ser. B, 43(1):25–47, 1987. doi: 10.1016/0095-8956(87)90028-1. MR: 897238.
[8] Bojan Mohar and Carsten Thomassen. Graphs on surfaces. Johns Hopkins Uni-
versity Press, 2001. MR: 1844449, Zbl: 0979.05002.
[9] Atsuhiro Nakamoto and Katsuhiro Ota. Note on irreducible triangulations of sur-
faces. J. Graph Theory, 20(2):227–233, 1995. doi: 10.1002/jgt.3190200211. MR: 1348564.
[10] R. Bruce Richter. On the Euler genus of a 2-connected graph. J. Combin. Theory
Ser. B, 43(1):60–69, 1987. doi: 10.1016/0095-8956(87)90030-X. MR: 0897240.
[11] Gerhard Ringel. Das Geschlecht des vollsta¨ndigen paaren Graphen. Abh. Math. Sem.
Univ. Hamburg, 28:139–150, 1965. doi: 10.1007/BF02993245. MR: 0189012.
[12] Gerhard Ringel. Der vollsta¨ndige paare Graph auf nichtorientierbaren Fla¨chen. J.
Reine Angew. Math., 220:88–93, 1965. doi: 10.1515/crll.1965.220.88. MR: 0182963.
[13] Andrew Thomason. An extremal function for contractions of graphs. Math.
Proc. Cambridge Philos. Soc., 95(2):261–265, 1984. doi: 10.1017/S0305004100061521.
MR: 0735367, Zbl: 0551.05047.
[14] Andrew Thomason. The extremal function for complete minors. J. Combin. Theory
Ser. B, 81(2):318–338, 2001. doi: 10.1006/jctb.2000.2013. MR: 1814910, Zbl: 1024.05083.
17
[15] Klaus Wagner. U¨ber eine Eigenschaft der ebene Komplexe. Math. Ann., 114:570–590,
1937. doi: 10.1007/BF01594196. MR: 1513158. Zbl: 0017.19005.
18
